We present the fiber loss estimation, contour loss curves, and fiber loss spectra for the TE 0 mode transmission in a Bragg fiber; numerical results are especially focused on the TE 01 mode. A fiber loss of the order of 0.01-0.1 dB/ km can be achieved using cladding material of 10 dB/ km in loss. The loss of the hollow core fiber is simply formulated in terms of the constituting cladding losses, fiber structural parameters, and operation wavelength 0 under the quarter-wave stack (QWS) condition. It is effective for decreasing the loss of the cladding lower-index layer to get a low-loss Bragg fiber. The fiber loss is minimized at an optimum cladding lowerindex n b,opt . The n b,opt can be expressed by n b,opt ϱ , which is a function of cladding higher-index n a , core index n c , and cladding layer loss ratio for a sufficiently large value of normalized core radius, r c / 0 , under the QWS condition. The optimized fiber loss is inversely proportional to the product of ͑n a − n c ͒ 3/2 and ͑r c / 0 ͒ 3 for a sufficiently large r c / 0 .
INTRODUCTION
A solid core fiber needs very low-loss core material to realize a low-loss fiber. It was pointed out that silica can be used as a very low-loss dielectric material in an optical frequency. 1 Ordinary silica fibers have attained their ultimate optical loss 2 after their ultimate loss value was predicted. 3 Photonic crystal fibers have been studied as new media since a proposal of the photonic bandgap in two-dimensional structure. 4 Microstructured fibers, namely holey fibers, have silica core, and its loss tends toward that of the ordinary silica fiber. 5 The ultimate loss of solid core fibers has a strong dependence on their core material.
It may be possible to achieve a loss lower than the usual fiber by using the hollow core. The hollow core fiber can guide an optical wave owing to the photonic bandgap caused by the periodicity in the cladding. Such a fiber is called the photonic bandgap fiber. One candidate for its purpose is an air-core photonic crystal fiber. 4 Its ultimate loss has been determined by surface roughness due to frozen-in capillary waves, 6 and its optical loss has been reported by photon radiation leakage. 7 Another candidate is a Bragg fiber 8 or an omniguide fiber. 9 The Bragg fiber has the hollow core surrounded by the cladding with highand low-refractive indices. The hollow core fiber allows us to use material with loss relatively higher than silica. Hence we can get many options to select fiber material according to an operation wavelength. Although the Bragg fiber has been fabricated by a polystyrene-tellurium structure, 10 a chalcogenide glass-polymer structure, 11 an air-silica ring structure, 12 and by an air-polymer ring structure, 13 their fiber parameters are not always optimized from the viewpoint of refractive indices. This article aims at theoretically estimating the optical loss in the Bragg fiber.
The optical loss of the Bragg fiber depends strongly on the optical power confinement. The optical confinement is closely related to the quarter-wave stack (QWS) condition.
14 It has been pointed out in a specific case that the TE 01 mode can most confine an optical wave among all the modes. 15, 16 An infinitely extending cladding is assumed here such that the confinement loss 17 can be neglected. The optical loss of the TE mode in the Bragg fiber is formulated in terms of cladding material losses and fiber structural parameters. An asymptotic analysis is used to analyze electromagnetic fields of the TE mode. [18] [19] [20] We also present various numerical results on optimum cladding lower-index, contour loss curves, and fiber loss spectra.
BRIEF DESCRIPTION OF BRAGG FIBERS
The Bragg fiber consists of the hollow core and a periodic cladding that has alternately high and low indices (see Fig. 1 ). The core radius is r c and its refractive index is n c . One layer of the cladding has thickness a and refractive index n a , and the other layer has thickness b and index n b ͑n a Ͼ n b Ͼ n c ͒. The cladding period is ⌳ = a + b. A cylindrical coordinate system ͑r , , z͒ is used with z being the propagation direction of light. We use exact field expressions for the core and asymptotic field expressions for the cladding 19 to calculate the optical power flow in the Bragg fiber.
Assume that electromagnetic field components have a spatiotemporal factor of exp͓i͑t − ␤z͔͒, with and ␤ being the angular frequency and propagation constant, respectively. Lateral propagation constants are defined by
The QWS condition is defined by a a = b b = / 2, and it enables us to afford a much simplified eigenvalue equation for the TE 0 mode as 20 c r c = j 1, = j 0,+1 . ͑2͒
Here, j , denotes the th zeros of the Bessel function J of order . An expression similar to Eq. (2) has been reported by a cavity model. 21 The lower guiding limit for the TE 0 mode is obtained by r c / 0 = j 1, /2n c . Thickness of the cladding layer a is determined according to other parameters as
under the QWS condition. A similar expression for the cladding layer b can be obtained by replacing a and n a with b and n b , respectively, in Eq. (3).
FRACTIONAL OPTICAL POWER
A. Optical Power Flow Optical power flowing in each area is evaluated by calculating the Poynting vector. The Poynting vector of the optical wave propagating along the z axis is calculated by
In the TE mode, we have nonzero components of
, and H z , where 0 denotes the magnetic permeability of vacuum. We set H z =2A c J ͑ c r͒ for the core, where A c is the amplitude coefficient in the core. Expressions for E r and H are given in Ref. 14. Let P c , P a , and P b be the power flow transmitted through the core, entire cladding layer a, and entire cladding layer b, respectively. Then one obtains
Here, a 1 and b 1 denote amplitude coefficients of innermost layer in the cladding layer a, and they are expressed in terms of A c . 19 An expression for X TE is also given in the same literature.
For the cladding power P b , we can obtain an expression where parameters, a 1 , b 1 , a , a, and n a , are replaced with 
B. Fractional Optical Power
The fractional power ⌫ i flowing in a particular region i is defined by
In particular, the fractional power ⌫ c flowing in the core is called the optical power confinement factor. The ⌫ i for general cases of the TE mode can be obtained by substituting Eqs. (5) and (6), and their relating expression into Eq. (7).
C. Fractional Optical Power under the Quarter-Wave Stack Condition
An optical wave is efficiently confined to the core under the QWS condition. The fractional optical power under the QWS condition will be referred to as ⌫ i,QWS . Since it is pointed out that the TE mode exhibits the lowest loss among all the mode groups, 14 we will consider the TE mode transmission here. For the TE 0 mode, the fractional optical power of cladding layer a can be simplified to be
with the help of Eq. (2) and optical power flows. 14 The fractional power of cladding layer b, ⌫ b,QWS , is obtained by an expression where the cladding thickness a is replaced with the cladding thickness b in Eq. (8) . From these expressions we get
This indicates that the ratio of the fractional power transmitted through the cladding layer b to that of the layer a is equal to the ratio of their thicknesses. This ratio agrees with the area ratio of the entire cladding layers, a and b, in the Bragg fiber with infinitely extending cladding. When the optical confinement is high, the second term is sufficiently smaller than the first term in the denominator of Eq. (8) . Moreover when normalized core radius r c / 0 is sufficiently large compared to unity in Eq. (3), the thickness of cladding layer a is approximated by 
OPTICAL FIBER LOSSES
It is assumed that the optical fiber cross section is divided into N regions. Let ⌫ i and ␣ i be the fractional power and optical loss coefficient in each region. When optical power distribution in the fiber cross section is kept unchanged during propagation through the fiber, an effective fiber loss over the entire cross section is represented by
The ␣ eff is obtained by the sum of each loss coefficient weighted by the fractional confinement power. Equation (12) is valid for a small fiber loss.
In the Bragg fiber, we assume that the loss of the hollow core is negligible, and cladding layers a and b have loss coefficients, ␣ a and ␣ b . When the Bragg fiber satisfies the QWS condition, its effective fiber loss of the TE 0 mode is expressed as
by substituting Eq. (8) and its relating expression for the cladding layer b into Eq. (12) . One can represent the ␣ QWS without cladding layer thicknesses, a and b, by insertion of Eq. (3) and its relating expression into Eq. (13) . When the normalized core radius r c / 0 is sufficiently large, Eq. (11) and its relating expression for the cladding layer b lead to an approximate expression for the fiber loss:
with
Equations (13) and (14) show the optical fiber loss in terms of fiber structural parameters and cladding material losses. The above expressions show some ways to reduce the fiber loss as follows:
1. We can realize the lowest loss by the TE 01 mode because j 1, is a monotonically increasing function of . This result has been obtained by numerical means. 15, 16 2. Refractive indices dependence is represented by F͑n b ; ␣ a , ␣ b ͒ for fixed n a and n c .
3. The effective fiber loss is inversely proportional to the third power of r c / 0 , as shown in Ref. 16 . A large value of r c / 0 can provide a low-loss fiber.
4. Equation (9) teaches us that the loss coefficient of cladding layer b should be lower than that of cladding layer a to get a low-loss fiber.
5. If the wavelength dependence of cladding materials is known, then we can estimate its loss spectrum.
OPTIMUM CLADDING LOWER INDEX A. Cladding Loss Ratio Dependence of Optimum Cladding Lower Index and Fiber Losses
The optical fiber loss ␣ QWS depends on refractive indices of core and cladding layers, as shown in Eq. (15) . Since the loss and refractive index are generally peculiar to the material and the wavelength, they cannot be selected independently. However, suppose that cladding layer losses, ␣ a and ␣ b , are known, and refractive indices, n a and n c , are fixed. Then, what value of the cladding lower-index n b is optimum? If the optimum cladding lower-index n b is represented as a function of n a and n c , then the number of fiber parameters to be determined is reduced. This is accomplished as follows: differentiating Eq. (15) with respect to n b and equating the result with zero yields
This expression can be rewritten in a third-order equation
Here, we have 0 Ͻ x Ͻ 1 because n c Ͻ n b Ͻ n a . Equation (16) where the superscript ϱ is added to represent a solution for r c / 0 1. Equation (18) indicates that the square of the optimum cladding lower-index n b,opt ϱ is obtained by an internally dividing point of n a 2 and n c 2 by a ratio of 3:1. When n b is prescribed at n b,opt ϱ , the optimized fiber loss becomes
with f = 1. Equation (19) shows that the lowest fiber loss is inversely proportional to the product of ͑n a 2 − n c 2 ͒ 3/2 and ͑r c / 0 ͒ 3 . Next, let us consider a case where two cladding losses are different from each other. In the case of 0 Յ ␣ b / ␣ a Յ 1, one obtains the optimum cladding lower index as
where
In the double sign notation, j = 1 and 2 correspond to the plus and minus signs, respectively. For a prescribed value of n b,opt ϱ given in Eq. (20), we have the optimized fiber loss ␣ opt similar to that in Eq. (19) where f is replaced by
Parameter f 1 indicates the cladding loss dependence of the fiber loss.
where ϵ cos
When Eq. (24) holds, the optimized fiber loss is given by an expression in Eq. (19) where f is replaced by
͑27͒
Parameter f 2 shows the cladding loss dependence of the fiber loss. The loss parameter f depends only on the cladding loss ratio, ␣ b / ␣ a . Equations (20) and (24) imply that the optimum cladding lower-index n b,opt ϱ depends on the ratio of two cladding losses as well as on the refractive indices, n a and n c . We see from Eq. (19) that the fiber loss ␣ opt depends on two cladding layer losses. Although the optimized fiber loss ␣ opt depends on the radial mode number in the TE 0 mode, the n b,opt ϱ is independent of . 
B. Limiting Cases
.
͑29͒
Equation ( We get b Ͼ a because of n a Ͼ n b . We see from Eq. (9) that the ⌫ b,QWS is larger than the ⌫ a,QWS . Therefore, it is preferable for ␣ b to be less than ␣ a to decrease the fiber loss. The limit value of 1 4 for f means that the lower limit of the fiber loss becomes 1 4 of ␣ a even when ␣ b value approaches zero. These results are valid so long as the core and cladding parameters satisfy the QWS condition.
The parameter f was approximated by a straight line above ␣ b / ␣ a = 1 and by a second-order equation
we make use of a slope for infinite ␣ b / ␣ a . For ␣ b / ␣ a Յ 1, the f is approximated using the least-squares method. Approximate expressions are set such that they become unity at ␣ b / ␣ a = 1 and are continuous at ␣ b / ␣ a = 0.1. Results are
where f 
CONTOUR LOSS CURVES
Suppose that the cladding lower-index n b is prescribed at n b,opt ϱ . Then the fiber loss ␣ opt in Eq. (19) is represented by the product of terms relating to the normalized core radius r c / 0 and cladding higher-index n a . This is useful for drawing contour loss curves of ␣ opt . For given ␣ opt and ␣ a , the cladding higher-index n a is related to r c / 0 as
in a contour curve. Here, value of f varies according to the cladding loss ratio. 
͑34͒
Ratio of two limiting losses becomes ␣ b,max / ␣ a,max =2 ͱ 3/9 ͑Х0.385͒. This value means that the ratio is determined by 2 ͱ 3 / 9 in spite of cladding materials and fiber parameters. In addition, the loss of cladding layer b must be ϳ40% of that of the cladding layer a to keep an equal fiber loss. This is valid so long as the Bragg fiber satisfies the QWS condition and n b = n b,opt ϱ .
NUMERICAL RESULTS
We will show the optimum cladding lower index, contour loss curves, and fiber loss spectra in the following subsections. Only the TE 01 mode ͑j 1,1 = 3.831706͒ is treated here because it exhibits the lowest fiber loss among all the guided modes. In Subsections 7.A and 7.B cladding parameters are set so as to satisfy the QWS condition for given parameters and at a prescribed wavelength. We use n c = 1.0 as the core index throughout all the numerical examples. These data indicate that even if the loss coefficient of cladding material is somewhat high, we can choose material easy to fabricate. It is important that two cladding materials be compatible with each other. Hence, we can seek appropriate materials from a lot of materials. This has been tried by using a polymer. 13 Let us consider an example where silica is used as the cladding layer b. Then we can set ␣ b = 0.2 dB/ km and n b = 1.45. We assume that the loss of cladding layer a is much larger than that of cladding layer b, and fiber parameters satisfy the QWS condition. We can evaluate fiber losses by using Eq. (13) combined with Eq. (3). In the case of ␣ a = 20 dB/ km and n a = 2.5, one obtains ␣ QWS of 0.155 dB/ km, 0.0193 dB/ km, and 1.24ϫ 10 −3 dB/ km for r c / 0 = 1, 2, and 5, respectively. For the same loss and n a = 3.5, we have ␣ QWS of 0.0493 dB/ km, 6.16ϫ 10 −3 dB/ km, and 3.94ϫ 10 −4 dB/ km for r c / 0 = 1, 2, and 5, respectively. These results indicate that we can obtain fiber losses lower than that of the silica fiber even if we use material whose loss is relatively larger than that of silica. Equation (19) gives fiber losses, by ϳ20% and 10% for n a = 2.5 and 3.5, respectively, lower than those of fibers described above. For another ␣ a larger than 20 dB/ km, ␣ QWS is roughly proportional to ␣ a because of nearly constant f. Hence Eq. (19) is helpful for estimating the magnitude of fiber loss.
A. Optimum Cladding Lower Index and Obtained Fiber Loss

B. Contour Loss Curves
We will show contour curves of optimized fiber loss ␣ opt for the TE 01 mode transmission. Figure 5 depicts contour loss curves in the r c / 0 -n a plane. The n b is prescribed at n b,opt ϱ and cladding losses are ␣ a = ␣ b = 10 dB/ km. The vertical line indicates the lower guiding limit for the TE 01 mode in the QWS condition. This graph reveals that a low loss can be achieved for large n a and large r c / 0 , as can be found from Eq. (19) . For n a = 2.5, we can attain a fiber loss of 0.1 dB/ km at r c / 0 = 1.46, 0.01 dB/ km at r c / 0 = 3.14, and 0.001 dB/ km at r c / 0 = 6.76. Figure 6 shows the cladding loss effect on contour loss curves with ␣ opt = 0.1 dB/ km for several combinations of cladding losses. The n b is prescribed at n b,opt ϱ for each combination of ␣ a , ␣ b , and n a . This makes it clear that a decrease in loss of the cladding layer b is effective for getting a low-loss fiber. When the cladding loss ␣ a is moved from 10 to 100 dB/ km while keeping ␣ b = 10 dB/ km and r c / 0 = 2 unchanged, n a value must be increased from 1.946 to 2.759 to maintain a fiber loss of 0.1 dB/ km. On the contrary, if only the ␣ b is increased up to 100 dB/ km under the same condition, n a value must be increased up to 3.326.
Cladding layer losses and refractive indices cannot be selected independently in real circumstances. We show contour loss curves in Fig. 7 for a fiber with ␣ opt = 0.1 dB/ km and n b = n b,opt ϱ . Curves are shown for several combinations of ␣ a and r c / 0 . The n a is nearly constant for ␣ b / ␣ a 1. As the ␣ b increases, the n a must be increased to keep a specific fiber loss. This is explained in the following manner: An increase in ␣ b leads to an increase in fiber loss. The optical confinement must be improved to preserve a certain fiber loss. This needs an increase in n a .
Consider a possible optimum TE 01 mode transmission. The TM and hybrid modes are inclined to be cut off more easily than the TE mode. 20 Although a radiation loss of the TE 01 mode is about 5 orders smaller than those of the TM and hybrid modes, it is only 2.9 times smaller than that of the TE 02 mode. 22 If only the TE mode is retained, then the first higher-order mode is the TE 02 mode. We can realize a single-mode transmission for 0.610 ͑=j 1,1 /2n c ͒ Յ r c / 0 Յ 1.117 ͑=j 1,2 /2n c ͒ under the QWS condition. We can prescribe the normalized core radius r c / 0 at 1.1166. Then the TE 01 mode is operated at ␤ / k 0 = 0.8377 ͓ =ͱ1−͑j 1,1 / j 1,2 ͒ 2 ͔. Cladding lower-index n b is set to be n b,opt ϱ for each combination of cladding losses and n a . Cladding layer thicknesses are set so as to satisfy the QWS condition for each n a and n b . For the above parameters, values of normalized thickness, a / 0 , are 0.1061, 0.0736, and 0.0565 for n a = 2.5, 3.5, and 4.5, respectively. according to ␣ a , ␣ b , and n a . Thin and thick curves apply for n a = 2.5 and 3.5, respectively. For example, in the case of fiber loss ␣ opt = 0.1 dB/ km and n a = 2.5, ␣ b = 6.84 dB/ km with ␣ a = 0.1 dB/ km is equivalent to ␣ a = 16.8 dB/ km with ␣ b = 0.1 dB/ km. One obtains limiting losses ␣ a,max = 18.0 dB/ km and ␣ b,max = 6.93 dB/ km from Eqs. (33) and (34). We need a condition, ␣ b Ͻ ␣ a , to keep a certain fiber loss. This implies that a decrease in loss of the cladding layer b is effective for reducing the fiber loss. Loss ratio of cladding layers b to a is 6.84/ 16.8= 0.407 at 0.1 dB/ km. This value corresponds to 0.385, the ratio of limiting losses described in Subsection 5.B, and an agreement between them improves for a small fiber loss.
C. Fiber Loss Spectra
In the fiber loss spectrum, the wavelength must be changed while keeping a fiber structure unchanged. The QWS condition is satisfied only at a certain wavelength. Therefore, r c , a, and b are determined after setting n a and n b such that they satisfy the QWS condition and ␤ / k 0 = n t at 0 = 1.0 m, where n t is the tentative index for determining a cladding structure. For simplicity, we assume that cladding losses and refractive indices are constant over the entire wavelength region. Fiber loss spectra are calculated using Eqs. (12) and (5)- (7). Provided that the ratio of structure size to wavelength is unchanged while keeping other fiber parameters retained, fiber loss spectra obtained in this subsection can be applied to other wavelength region, say 10 m wavelength region, owing to the scaling law.
How does the n b affect the fiber loss spectrum? Figure 9 shows fiber loss spectra for several n b values. Namely, n b = 1.5, n b,opt ϱ = 1.445, and exact n b,opt = 1.341 for r c / 0 = 1.0164. Parameters used are n a = 2.5, r c = 1.0164 m, ␣ a = 20 dB/ km, and ␣ b = 10 dB/ km. The n t is set to be 0.8 here because it must be a value relatively lower than unity for small r c / 0 . 20 Cladding layer thicknesses are determined such that the QWS condition is satisfied for n t = 0.8 at 0 = 1.0 m. The TE 01 mode is transmitted only in the photonic band, roughly between 0.8 m and 1.3-1.4 m in this case. Although the lowest fiber losses are nearly independent of n b , the photonic bandgap (PBG) width is wide for large ͑n a − n b ͒. The lowest fiber losses are 0.298 dB/ km for exact n b,opt and 0.307 dB/ km for n b,opt ϱ . Wavelength exhibiting the lowest fiber loss shifts slightly toward a wavelength shorter than that under the QWS condition.
Dependence of fiber loss spectra on the normalized core radius r c / 0 is plotted in Fig. 10 . This figure shows data for r c / 0 =1,2, and 5 with n a = 2.5, n b = n b,opt ϱ , ␣ a = 20 dB/ km, and ␣ b = 10 dB/ km. Cladding layer thicknesses and n t are prescribed such that the QWS condition is satisfied for r c / 0 at 0 = 1.0 m. Although the PBG width is nearly independent of r c / 0 , fiber losses are vastly reduced by increasing r c / 0 . The lowest fiber losses are 0.321, 0.046, and 0.0031 dB/ km for r c / 0 =1,2, and 5, respectively. The Bragg fiber has a possibility that exhibits a loss less than 0.2 dB/ km in a wavelength other than 1.55 m even if we make use of material whose loss is higher than silica. Figure 11 illustrates the effect of cladding layer losses on fiber loss spectra ␣ eff with fiber structural parameters being the same as those in Fig. 8 except for n a = 2.5. The loss of cladding layer b is fixed to be ␣ b = 10 dB/ km, and losses of cladding layer a are varied from 10 to 100 dB/ km. The n b is prescribed at n b,opt ϱ for each combination of n a , ␣ a , and ␣ b . It is natural that the lowest fiber loss increases with increasing ␣ a for a fixed value of ␣ b . The lowest fiber losses are 0.192, 0.238, 0.353, and 0.519 dB/ km for ␣ a = 10, 20, 50, and 100 dB/ km, respectively. The wavelength exhibiting the lowest loss shifts toward a short wavelength with increasing ␣ a .
Influence of the cladding higher-index n a on fiber loss spectra is shown in Fig. 12 with fiber structural parameters being the same as those in Fig. 8 . Values of n b used are n b,opt ϱ and exact n b,opt for r c / 0 = 1.1166. The lowest fiber loss is reduced with increasing n a and is nearly independent of the prescribed n b . The lowest fiber losses are 0.233, 0.0816, and 0.0376 dB/ km for n a = 2.5, 3.5, and 4.5, respectively, in the case of exact n b,opt . For n b,opt ϱ , losses corresponding to the above n a are 0.238, 0.0820, and 0.0377 dB/ km. The PBG width for exact n b,opt is a little bit wider than that for n b,opt ϱ .
SUMMARY
Optical fiber loss in the Bragg fiber was estimated for the TE mode transmission under the QWS condition as well as general cases. The fiber loss is represented in terms of fiber structural parameters, operation wavelength 0 and cladding layer losses. The fiber loss is inversely proportional to the third power of r c / 0 for sufficiently large values of r c / 0 . The optimum cladding lower-index n b,opt , for which the fiber loss is minimized, is expressed in terms of the cladding higher-index n a and cladding layer loss ratio. For the optimum cladding lower index, the optimized fiber loss is inversely proportional to ͑n a 2 − n c 2 ͒ 3/2 with fixed n a and core index n c .
We presented numerical results for the optimum cladding lower index, contour loss curves, and fiber loss spectra. We can get an optimum loss with good accuracy even if we use the n b,opt ϱ instead of the exact n b,opt for a finite r c / 0 . In fiber loss spectra, the value of n b affects the PBG width, although it has little influence on the lowest fiber loss value. To decrease the fiber loss, it is effective for decreasing the loss of the cladding lower-index layer rather than that of the cladding higher-index layer. Contour loss curves and fiber loss spectra for the TE 01 mode transmission have been presented as a function of several parameters, such as n a , r c / 0 , and cladding layer losses. It is possible to attain a fiber loss of the order of 0.01 to 0.1 dB/ km by using cladding material with a loss of 10 dB/ km. 
